Quantum Interferences in Cooperative Dicke Emission from Spatial Variation of Laser 

Phase 
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We report generation of a new quantum interference effect in spontaneous emission from a reso- 
nantly driven system of two identical two-level atoms due to the spatial variation of the laser phase 
at the positions of the atoms. This interference affects significantly the spectral features of the 
emitted radiation and the quantum entanglement in the system. The interference leads to dynamic 
coupling of the populations and coherences in a basis, determined by the laser phase and represents 
a kind of vacuum mediated super-exchange between the symmetric and antisymmetric states. 
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Spontaneous emission from cooperative systems has 
been extensively studied since the classic paper of Dicke 
Pi 0, S| ■ The details of the emission depend on the inter- 
atomic distances and how the system is initially prepared. 
The emission can further be influenced if the system is 
continuously driven by a coherent field. The two atom 
problem has been especially attractive in this context as 
many features of cooperative emission can be analyzed 
in terms of this simple problem. There is renewed inter- 
est in these problems for quantum information sciences. 
Studies have shown that spontaneous emission from co- 
operative systems leads to quantum entanglement among 
atoms 3]. Further with the discovery of similarities be- 
tween semiconductor quantum dots and two level atoms 
0i S @] I we have a new class of systems where the cooper- 
ative effects can be studied in a regime which was difficult 
to achieve with atoms. In recent times such quantum dot 
systems are proving especially important in quantum in- 
formation science [71, l8( . 

In this Letter we report a new quantum interference 
effect which arises from the spatial variation of the laser 
phase at the positions of the atoms. We show how this 
phase variation affects the spectral features of the emit- 
ted radiation as well as the quantum entanglement in 
the system. We further show how populations and co- 
herences, in a basis determined by the laser phase, get 
coupled dynamically. We demonstrate a kind of super- 
exchange between the symmetric and anti-symmetric 
states and show a strong connection to the well known 
vacuum induced coherence [lo| . Further our results 
have implications for the decoherence of coupled qubits. 
The dynamical behavior of a system of atoms undergo- 
ing cooperative emission can be described by a master 
equation approach^. Let us specifically consider the 
system of two identical two-level atoms with transition 
frequency lo. Each atom is described by the spin half an- 
gular momentum algebra. The master equation for the 
dynamical behavior of this kind of a system in the Born, 
Markov and rotating wave approximation is then given 



FIG. 1: (Color online) Diagrammatic representation of a setup 
to detect the cooperative emission from a system of two iden- 
tical two-level atoms. The atoms are driven resonantly by a 
weak laser of frequency u and propagation vector k. ^ is the 
angle between the laser propagation direction and the orien- 
tation of the atoms, deg is the dipole moment of the atoms 
and ri,r2 are the position vectors of the atoms 1 and 2. 



by ref \^{pg 31-33), 

^ = -^u;J2[S;,p]-^Y,n,,[S+S^,p] 

- Y.^MstSi:p^^s-pS+ + pS+s-), (1) 

jk 

Here (j,k = 1-2) , Q.k = 3/27{(l - 
3cos^ 9)[siB.{korjk)/{korjk)'^ + cos(fco?'jfc)/(fcorjfc)^] - 
(1 - cos^ 0)[cos{korjk)/ikorjk)]} and jjk = 
7{sin(fcorjfc)/(/cor,fe) + 1/2(3 cos^^ - l)[(3/(fco'^jfc)' - 
I) sm{korjk) / {korjk) - 3 cos(fcorjfc)/(fcorjfe)2]} is the 
spontaneous decay rates for the cooperative system, 
27 = 2711 = 2722 = 4\deg\'^oj^/3hc^ is the Einstein's A 
coefficient, kg — uj/c, d^g is the dipole moment and p 
is the density operator for the system. is the angle 
between the direction of the dipole moment and the 
line joining the jth and the kth atom, whose distance is 
denoted by rjj. = \rj — rk\. If we assume this angle to be 
random, and take an average for all possible orientations. 



then the coefScients in the master equation simpHfy con- 
siderably and are given by fljk = — 7cos(fcor_,fe)/fcorjfc, 
Ijk — 7sin(fcofj7c)/fco'"j7c- The second term in the master 
equation ([1]) is the dipole-dipole (d-d) interaction term. 
It arises from the virtual photon exchange between pairs 
of atoms. It becomes especially significant at small 
interatomic distances and has important consequences 
for example it can lead to two photon resonance which 
was predicted and later observed experimentally [lll |. 

Here we assume that the atoms are continuously 
driven by a resonant laser propagating in the direction 
k with frequency uj. The driving term is hence given by, 

Tic = -hJ2{G<i''^'^'~"'^'S+ + Ge-'''-^^+"^'Sj-), (2) 

3 

where (j = 1,2) and G = deg ■ £o/fi is the Rabi fre- 
quency. Note that we have included the spatially vary- 
ing phase factors in the driving term. This would af- 
fect the dynamical evolution of the system. Our main 
focus in this Letter is to investigate new effects arising 
from such a phase variation. We specifically demonstrate 
how such phase factors can bring out new interference ef- 
fects which can be experimentally investigated by study- 
ing the spectrum of the emitted radiation. While in 
this letter we concentrate on spectral features and en- 
tanglement the previous papers |lQj examine the effect 
of laser phase on emission rates. Further we specifically 
concentrate on the case where the relative inter-atomic 
distance is smaller than a wavelength when such inter- 
ference are even more dramatic. The relative orientation 
(f) — k-{jj— rfc) = 2j|rj — fk \ cos^ of the two atoms 
and the direction of propagation of the laser drive is es- 
pecially important in this context. Here Q is the angle 
between the direction of the laser drive and the line join- 
ing the jth and the kth atom (see Fig.l). The quantum 
interference effects discussed in this Letter disappear if 
the relative orientation is perpendicular to the direction 
of propagation of the laser field. When the driving laser 
is weak, it is adequate to consider the generated states in 
the single photon space and clearly with two atoms start- 
ing in the ground state \g) = \gi-,g2) we would generate 
the symmetric state \s) which depends on the phase of 
the laser at the location of two atoms [l^ . 

|s)^-i=(e*^~Me,<?> + e'^'-^l5,e)). (3) 

Thus one would expect that once the system is excited 
to the state |s), it would decay to \g). However we show 
that due to quantum interferences associated with the 
spatial phase </>, the system could also be found in the 
antisymmetric state \a) defined as , 

|a)^i=(e*^^Me,5)-e*-~^|g,e)). (4) 

Clearly, if we are working with single photon excitation 
then it should be adequate to deal with the states |s), \a) 




FIG. 2: (Color online) Population of the anti-symmetric state 
as function of the Rabi frequency for an inter-atomic distance 
of A/8 and different orientation of the laser. AH plotted pa- 
rameters are dimensionless. 



and \g). In order to see this we find from the master 
equation that the population in the symmetric state \s) 
is governed by, 

Pss = -2{-i + "fi2COS(j))pss-isin(j){"fi2+iVti2)pas 

+i sin 0(712 - irii2)/Csa, (5) 

We immediately see that the population in the symmet- 
ric state decays at the rate 2(7-1- 712 cos 0), however it is 
also effected by the presence of atomic coherence terms 
Pas and psa which are dynamically generated. This cou- 
pling of populations to the coherences is at the heart of 
the quantum interference phenomenon (13] that we dis- 
cuss in this letter. From Eq.© it is clear that this cou- 
pling vanishes when the laser propagates in a direction 
perpendicular to the location of the two atoms (0 = 0). 
Further from the structure of Eq.® we can say that 
such quantum interferences should be especially impor- 
tant for smaller inter- atomic distances as then 17 12 is large 
and the coherence terms strongly influence the popula- 
tion dynamics of the symmetric state. Note further that 
for small times the effect of the quantum interferences 
does not show up as the solution of pss is then, 

Pss = 1 - 2t(7-|-7i2cos0), (6) 

and hence the effect of interferences should appear in 
physical parameters which are determined by the long 
time dynamics. From the master equation we find that 
if the system starts in the initial state |s), then the pop- 
ulation paa of the antisymmetric state \a) grows as, 

Paa ~ sin2 0(|7i2 -t-if7i2pt^), (7) 

Thus the states \s) and \a) get coupled by the vacuum 
of the electromagnetic field provided that ^ ^ (modulo 
tt). This is a process in which the transition \s) — > \a) 
is mediated via the state \g). It is to be noticed that 
the asymmetric state for small values of the driving field 
remains unpopulated if C = 7r/2 (</) = 0)[see fig. 2]. How- 
ever at larger values of the Rabi frequency the two photon 
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FIG. 3: (Color online) Atomic coherence pas as a function of 
the Rabi frequency for an inter-atomic distance of A/8 and 
for different orientations of the laser. The solid and dashed 
lines correspond to the real and imaginary parts of pas- 



FIG. 4: (Color online) Normalized steady state spectrum of 
incoherent emission from two identical two level atoms for 
interatomic separation of A/8 and Rabi frequency of O.I7. 
The relative orientation is given by = 2y|ri — rj \ cos^. 



state |e,e) gets populated and this changes the dynam- 
ical evolution leading to the population of the state \a). 
In Fig. (3) we show the coherence pas which is quite sig- 
nificant for non-zero values of the angle C,. 

To investigate the effects of this interference we study 
the steady state spectrum of cooperative emission. The 
incoherent part of the steady state emission spectrum 
integrated over all solid angles is given by, 

/"OO 

S{u:) = Re^7., / drg-^^ lim [(S+(i + r)^-(t)) 

^{S+{t + T)){SJmz=^(^-^o)h■ (8) 

We have calculated Eq.® when the system is driven 
weakly by a coherent field and for small interatomic dis- 
tances. Under these conditions the quantum interference 
effects are dominant. The results of our numerical calcu- 
lations are shown in Figs (4-5). In the figure (4) we show 
the incoherent part of the normalized steady state spec- 
trum for a weak coherent drive (G = O.I7) and small 
inter-atomic separation, ri2 — A/8. We have normal- 
ized the incoherent part of the steady state spectrum 
by dividing it with two times the steady state value of 
[{S+S^) - {S+){S-)] for a single two level atom 
The spectrum exhibits a doublet structure because of 
the strong dipole-dipole interaction for small inter- 
atomic distances. The quantum interferences arising 
from the spatial phase factor (p determine the charac- 
teristics of the doublets. For example the peak of the 
doublet is almost seven times greater, when k is parallel 
or anti-parallel to ri2 in comparison to when k _L ri2. 
The Fig. (5) shows the incoherent steady state spectrum 
for a moderately strong driving field strength [G = I.O7). 
The inset in Fig. (5) is for still larger field strength. The 
doublet structure vanishes for moderately strong drive 
as seen in Fig. (5) and we get only the broadened central 
peak at w = cjQ- The quantum interference leads to pro- 
nounced asymmetry in the spectrum. For even higher 
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FIG. 5: (Color online) Normalized steady state spectrum of 
incoherent emission for interatomic separation of A/8 and 
Rabi frequency G = I.O7. In the inset we show the spectrum 
for G = 3.O7. 



field strength (inset of Fig. 5) the cooperative effects are 
almost insignificant and we get the MoUow spectrum 
for a two level atom. 

The coupling of coherences to populations in the Dicke 
problem of cooperative emission can be understood as 
vacuum induced coherence effect 0, i, [lol |. This can be 
appreciated more clearly at the level of Schrodinger equa- 
tion. The basic Hamiltonian between the vacuum of the 
electromagnetic field and the atoms in the interaction 
picture can be written as, 

W) = ^{g,fe.afc,e-'"-*(5+e-'"* + Sje'^') + H.C.}, 

jks 

(9) 

Here gjks — ~-i{2iick/hL'^Y/'^{d ■ eks)e'^^'^^ is the vacuum 
coupling strength and the field annihilation(creation) op- 
erator is given by aks{a\^). The subscripts (fc, s) de- 
note the k*'' mode of the field with polarization along 
eks- The initial state is |s,{Ofes}), and the final state is 
|a, {Ofcs}). Iterating the Schrodinger equation to second 
order in "Hi (t) we find that the lowest order non- vanishing 
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FIG. 6: (Color online) The quantum correlation between two 
atoms — Ke[{Si §2) / {Sj){S2)] — 1 as a function of dis- 
tance between the atoms for a Rabi frequency of G = O.I7 



contribution to the transition amplitude is, 

-J(a|s(i)) = -4 1™ / dT{a,{Oks}\ni{t)ni{T)\s,{Oks}). 

at t^oc 

(10) 

A long calculation then leads to, 

^{a\s{t)) ^ i sin (j){^i2 + ini2), (11) 
at 

One can clearly see that this transition amplitude is zero 
if ^ = (modulo tt). The second order transition ampli- 
tude (11) from the state |s) to \a) is mediated via the 
ground state \g). We have thus shown an intriguing con- 
nection between the quantum interference effects arising 
from spatial variations of the laser phase and the vacuum 
induced coherence effects. 

We conclude the Letter with a discussion of how the 
quantum entanglement between two atoms (qubits) also 
depends in a significant way on the spatial variation of 
the phase (j). Note that the entanglement in system arises 
from the fact that the density operator of the two atoms 
does not factorize, p^^^®p^^\ This happens due to co- 
operative emission [3| . The non-factorizability of the den- 
sity matrix is especially significant due to the term in 
the dynamics. We show in the Fig. (6), existence of the 
quantum correlation T12 = Re[{S^ S^) / {S^){S2)] - 1 
for small inter-atomic distance and for different values 
of the angle between laser propagation direction and the 
line joining the two atoms. In absence of any entangle- 
ment in the system such correlation would vanish. One 
can see clearly from the Fig. (6) that at small interatomic 
separation the presence of the laser phase significantly 
effects the quantum correlation. Around ri2 ~ A/6 the 
value of the quantum correlation is about 25 times more 
in presence of the laser phase (C, — tt, tt/S) in comparison 
to when (j) — 0(C = 7i'/2)- Thus the quantum interfer- 
ence can lead to strong entanglement in the system at 
small interatomic separation. One can further character- 
ize quantitatively such entanglement by calculating its 
concurrence. 

Hence we have shown how the variation of the laser 



phase at the positions of the atoms can lead to new quan- 
tum interference effects. The phase variation is found to 
affect the spectral features of cooperative emission signif- 
icantly and generate strong entanglement in the system. 
We further demonstrate that the coupling between the 
symmetric and antisymmetric states has strong connec- 
tion to the vacuum induced coherence in the system. A 
plausible system for the observation of the interference 
effects of this Letter would be semiconductor quantum 
dots. Note that the splitting in photoluminescence spec- 
tra from a system of coupled quantum dots was observed 
!5]. The dots in these experiments satisfy the condition, 
wavelength ^ interdot distance > size of the dot. Thus 
our theoretical results sould be observable in such sys- 
tems. Further averaging over the finite size of the spatial 
wavefunction of the dot is expected to change the results, 
say for spectra, by few percent for dots of few nm size. 
We hope to present details in a comprehensive publica- 
tion. 
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